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Abstract 

We study the properties of a conformal mapping z(k) from the plane without vertical 
slits T n = [u n — ih n ,u n + ih n ],n £ Z and h = (h n ) ne z G onto the complex plane 
without horizontal slits 7 n C R, n £ Z, with the asymptotics z(iv) = iv + o(l), v — > oo. 
Here u n+ i -«„)l,neZ. Introduce the sequences Z = (|7n|)nez- We obtain a priori 
two-sided estimates for ||/i|| P)W , ||Z|| P)£iJ , where the norm ||/i||p )W = Yl u n\hn\ p , 1 ^ p ^ 2 
with any weight u„^1,ji£Z. Moreover, we determine other estimates. 

1 Introduction and main results 

Consider a conformal mapping z : K + (h) — ► C+ with asymptotics = zw(l + o(l)) as 

u — ► oo, where z(k), k = u + iv G K(h). Here the domain K + (h) = C + D for some 

sequence ft, = (/i n ) ne z G ft n ^ and the domain K(h) is given by 

K(h) = C \ U neZ r n , r n = [u„ - z/ln,Wn + «M> M* = inf(M n+ i - M„) ^ 0, (1.1) 

n 

where u n , n G Z is strongly increasing sequence of real numbers such that w n — > ±oo as 
n — > ±oo. We fix the sequence u n ,n G Z and consider the conformal mapping for various 
h G £°°. The difference of any two such mappings equals a real constant. Thus the imaginary 
part y(k) = lmz(k) is unique. We call such mapping z(k) the comb mapping. Define the 
inverse mapping k(-) : C + — > K + {h). It is clear that k(z),z = x + iy G C + has the 
continuous extension into C + . We define "gaps" j n , "bands" a n and the "spectrum" a of 
the comb mapping by: 

7n = (Z~, Z+) = (z(u n - 0), Z(u n + 0)), O n = [z^_ lt Z~], <T = U neZ O n . 

The function u(z) = Refc(z) is strongly increasing on each band a n and u(z) = u n for all 
z G [z~, uGZ; the function v(z) = Imk(z) equals zero on each band o n and is strongly 
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convex on each gap 7„ 7^ and has the maximum at some point z n given by v(z n ) = h n . If the 
gap is empty we set z n = z^. The function z(-) has an analytic extension (by the symmetry) 
from the domain K + (h) onto the domain K(h) and z(-) : K(h) — > z(K(h)) — Z — C \ U7 n 
is a conformal mapping. These and others properties of the comb mappings it is possible to 
find in the papers of Levin [Le]. 

For any p ^ 1 and the weight uj = (ui n ) n€ z, where u n ^ 1, we introduce the real spaces 

Z = {f = (fnUz: ll/llw, < 00}, ||/||^ = J>„#< 00. 

nez 

If the weight u n = (2u n ) 2m , m G M for all n G Z, then we will write £^ with the norm || • ||p, m . 
If the weight uo n = 1 for all n G Z, then we will write £q = £ p with the norm || • || p and 
|| • || = || • || 2 . For each h = (/i n ) n6 z we introduce the sequences 

I = (ln)n&, L = \ln\i J = (^n)neZ, Jn = ^ 0, A n = - [ v{z)dz ^ 0. 

For the defocussing cubic non-linear Schrodinger equation (a completely integrable infinite 
dimensional Hamiltonian system), k(z) is a quasi-momentum and A n is an action variables 
(see |K6j ). We formulate the first main result about the estimates in terms of || • || p . 



Theorem 1.1. Let = inf n (u n+1 — u n ) > 0. Then the following estimates hold: 

\\h\\ p ^2\\l\\ p (l + a p \\m, l^p^2, a p = (2P +2 (2 + 7r)/^)77r, (1.2) 
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2C " L ::/nr ), c p = i-\ -, P >2, - + - = i, (1.3) 

Till* J J \ 2 J p q 

l ^<\\J\\ P ^^\\l\\ P (l + a p \\l\\ P P ) 1/2 , (1-4) 
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^ll%^4||J|| p (l + a p 2^|jp. (1.5) 



Estimates (jl.2j) - (jl.5|) are new for p G [1,2). Korotyaev |Klj obtained the two-sided 
estimates for the case p = 2 (see Theorem 12 ,4|) . for example 

i||/|| < ||A|| <7r||Z||(l+ ^||/|| 2 ), •/ «,>0. (1.6) 

Introduce the effective masses /x^ for the ends z~ < z+ by 

z(k) - zt = {k - U ± n)2 + 0((k - u n f) as z - zt (1.7) 

If |7„| = 0, then we set //^ = 0. Define the sequence /i ± = (//^) ng z. We formulate the second 
result. 
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Theorem 1.2. Let h G £'^,p G [1,2] and Zet > 0. T/ien i/ie following estimates hold: 

, ^ min{27r|| yU ± || 00 , || J|| PiW , 27r- 1 / p ||Z|| p , a; (l + a p \\l\\ p Pt J 1/q }, (1.8) 

||Z|| PjW ^ 2||/i|| PitJ ^ ^ 9 |K||p^, £ = exp (||/i||oc/w*), (1-9) 
2||t/||p jt j ^ £ 2 1 1 Z 1 1 . (1.10) 



n«^||p,a; ^ ll^||p,w ^ £ d^\\J\\ P ,., (I'll) 

||^||p,a) ^ 2||/-i ||p,£j ^ £ ll^llpjw (1-12) 

Estimates p.8|l - (|1.12)l are new. Korotyaev obtained the two-sided estimates for the 
space m ^ for the even case /i_ n = h n , n G Z ( |K2j - |K4] ) and for the space t\ without 
symmetry ( |Klj . ( |K6j )). In all these estimate the factor £ = exp (||/i||oo/w*) is absent. 



Proposition 1.3. i) Estimate (jl.2j) at p = 1 is sharp, 
ii) Estimate f!2.10|) is sharp. 

Hi) If the estimate ||/t|| ^ C||/|| (1 + ||Z|| P ), p > is true, then p ^ 1. 
Recall that for a compact subset f2 C C the analytic capacity is given by 

C = C(fi) = sup [|/'(oo)| :/ is analytic in C\fi; |/(Jfe)| s= 1, fe G C \ Q , (1.13) 



where f'(oo) = lim k(f(k) — /(oo)). We will use the well known Theorem (see [Ixj, |Poj ) 

Theorem ( Ivanov-Pommerenke ). Let E C R be compact. Then the analytic capacity 
C(E) = \E\/A, where \E\ is the Lebesgue measure (the length) of the set E. Moreover, the 
Ahlfors function (the unique function, which gives sup in the definition of the analytic 
capacity) has the following form: 

exp (~(f) E (z)) - 1 a ? \ f dt 



fE ^= U m ' ct> E {z)= —-. zeC\E. (1.14) 
exp ( 5 0s(z)) + 1 JE z ~ t 

We will use the following simple remark: Let Si, S 2 , ■ ■ ■ , Spj be disjoint continua in the plane 
C; .D = C\U^ r =1 S' n . Introduce the class E'(-D) of the conformal mapping w from the domain 
D onto C with the following asymptotics: w(k) = k + [Q(w) + o(l)]//c, k — > oo. If C C is 
compact; D — C \ Q, g G E'(D), then C(fi) = C(C \ g(D)). It follows immediately from the 
definition of the analytic capacity. 

Let $+ C £°° be the subset of finite sequences of non negative numbers. Then, using the 
Ivanov-Pommerenke Theorem and the last remark we obtain 

\\l(h)\\i = C(T(h)), where h G $+, T(h) = U[u n — ih n ,u n + ih n }; 
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Proposition 1.4. Let h E £°° and let u* ^ 0. Then 



INIL^2Q = 


1 /" 

— / v{x)dx, 
* Jr 


(1.15) 


tQo^IWUI. 




(1.16) 


^ < (V P IW /9 II 

7T 


l\\ 2 J P , l^P<2, 


(1.17) 


tOo^INooII 


i||i<-IIC 
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(1.18) 


INIco^ll/lll, 
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(1.19) 



Below we will sometimes write j n (h), z(k,h), .., instead of j n ,z(k),.., when several se- 
quences h G i°° are being dealt with. Define the Dirichlet integral 

Io(h) = — \ z '(k, h) — 1| 2 du dv = — [I \k'(z, h) — 1| 2 dxdy, k = u + iv, z = x + iy. 

TT J Jc ' n J Jc 

The last identity holds since the Dirichlet integral is invariant under the conformal mappings. 

Now we estimate the Dirichlet integral Io(h) (or Qo(h) = - f R v(x)dx) for the case ^ 0, 
using the following geometric construction. For the vector h G £°°, h n — > as n — > oo, we 
introduce the sequence h = h(h) by: if h — 0, then h = 0, 

if /i 7^ 0, then we take an integer ni such that /i ni = /i m = max ngZ /i n > 0; assume that 
we define the numbers h m , h n2 , . . . , h nk , then we take n^+i such that 

hn k+1 = h nk+1 = m&xhn > 0, B = {n G Z : |u„ - u m \ > h m , 1 < I < fc}. (1-20) 

Moreover, we let /i n = 0, if ra ^ {n k) k G Z}. Now we formulate the following results 

Theorem 1.5. Let h G £°°,h n — > as |n| — ■> oo; and £e£ /i = ft,(/i). Taen iae following 
estimates hold: 



-Jh\\l^Q (h) = ^^ 2 -y^\\h\\l. (1.21) 



We give the geometry interpretation of the estimates from all these theorems. Define 
the square differential in the domain D = K(h) U {oo} on the Riemann sphere, which is 
considered as the Riemann surface with hyperbolic boundary components by: 

w = (k'(z, h) - Ifdz 2 = (z'(k, h) - Ifdk 2 . 

Then w is the analytic square differential on D (in particular, analytic at any boundary 
point in terms of a corresponding uniformizing parameter). In the present paper the metric 
w is important to get the needed estimates. Moreover, these estimates have the following 
geometry interpretation. The invariant length L n of the cut 7 n has the following form 

L n = 2 \k'(x) -l\dx = 2 / y/v'(x) 2 + ldx. 
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Then using (|2.1|) we obtain 2h n ^ L n ^ 2(/i n + l n ) ^ 6/z n . Moreover, the invariant area S of 
the Riemann surface D has the form 

S= if \k'(z) - l\ 2 dxdy = 2irQ = I v{t)dt. 
J Jc Jr 

Using Theorem 1.1-1.5, we estimate 5* in terms of (h n )i or (L n )^. 

Levin [Le] proved the existence of the mapping for a very general case. First two-sided 
estimates for ||/i||2,i and Q 2 = - J R t 2 v(t)dt were obtained in [M02] only for the case u n = 
nn, n£l Note that these estimates are overstated since the Bernstein inequality was used. 
Garnet and Trubowitz |GT| also obtained some estimates, using the different arguments. 
The authors of the present paper [KKlj obtained estimates of the various parameters, the 



identities (|2.2|) . First two-sided ewstimates ( very rough) for ||/||2,i and Q 2 were obtained in 
[KK2 . Identities and various sharp estimates (in terms of gap lengths and effective masses) 
were obtained by Korotyaev |Klj - |K6j . 

The estimates for conformal mapping were used to study the inverse problem for the 
Schrodinger operator with a periodic potential [KK2J, [K5-7], for the periodic weighted 
operator |K8j and for the periodic Zaharov-Shabat systems K6J. 

Note that the comb mappings are used in various fields of mathematics. We enumerate 
the more important directions: 

1) the conformal mapping theory, 2) the Lowner equation and the quadratic differentials, 
3) the electrostatic problems on the plane, 4) analytic capacity, 5) the spectral theory of the 
operators with periodic coefficients, 6) inverse problems for the Hill operator and the Dirac 
operator, 7) KDV equation and NLS equation with periodic initial value problem. 

Finally, we shall briefly describe our motivation to derive the present results. Consider the 
electrostatic field in the domain K{h) = C \ U ne zr n , where T n = [u n — ih n , u n + ih n ], neZ, 
is the system of neutral conductors, for some h G and u n +i — u n ^ 1, n G Z. In other 
words, we embed the system of neutral conductors r n , n e Z, in the external homogeneous 
electrostatic field E = (0, —1) G M 2 on the plane. Then on each conductor there exists 
the induced charge, positive e n > on the lower half of the conductor T n and negative 
(— e„) < on the upper half of the conductor T n , since their sum equals zero. As a result 
we have new perturbed electrostatic field £ G M 2 . It is well known that £ = iz'(k,h) = 
—Vy(k, h), k = u + iv G K(h), z = x + iy. Recall that z(k, h) is the conformal mapping 
from K(h) onto the domain Z = C \ U7 n . The function y(k, h) is called the potential of 
the electrostatic field in K(h). The density of the charge on the conductor has the form 
p e {k) = \y' u (k, h)\/47r, k G T n (see [LS]). Thus we obtain the induced charge e n on the upper 
half of the conductor r+ = T n PI C + by: 



Introduce the bipolar moment d n of the conductor T n with the charge density p e {k) by 
d n = J r vx v {k)dv ^ 0. We transform this value into the form 



d n = 7T [ v(x)dx = 

271 An 4 
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In the paper |KK3j we study inverse problems for the charge mapping h — > e(h) = (e n (h)) ne z 
and the bipolar moment mapping h — > J{h) acting in £^,p G [1,2]. In order to solve the 
inverse problems we need a priori estimates from Theorem 11.11 and 11.21 

We now describe the plan of the paper. In Section 2 we shall obtain some preliminaries 
results and "local basic estimates" in Theorem 12.41 In Section 3 we shall prove the main 
theorems. Moreover, we consider some examples, which describe our estimates. 



2 Preliminaries 

We recall needed results. Below we will use very often the following simple estimate 

l n < 2h n , all neZ, (2.1) 

(see e.g. [MOl], [KK1]). Hence if h G then 1(h) G 1%. 

For each h G £°° the following estimates and identities hold 

i||/|| 2 ^2Q = I D = Y J A n = || Jf (2.2) 

4 z — ' 7T z — ' 

( I 2 1 h ~\ 2 f 21 h 

m fl i^j ^A n = - / V(x)dx ^ (2.3) 

see [KK1]. These show that functional Q = - Lv(x) dx is bounded for h G £ 2 . Define the 
effective masses v n in the plane K(h) for the end of the slit [u n + ih n , u n — ih n ] by 

k(z) - K + ih n ) = {Z ~ Zn)2 + 0((z - z n f), z - z n . (2.4) 

2iu n 

Thus we obtain i/ n = l/\k"(z n )\, if h n > and we set v n — if l n — 0. 

Below we will use the Lindelof principle (see [J]), which is formulated in the form, con- 



venient for us (see |KKlj ): 

Let h, h G and let h n ^ h n for all n G Z. T/ien the following estimates hold: 

y(k,h)>y(k,h), keK + (h), (2.5) 

Qo(h) ^ Qo(h) and if Qo(h) = Qo(h), then h = h, (2.6) 

l m {h) > lm(h). (2.7) 
We show the possibility of this principle in the following Lemma. 

Lemma 2.1. For each h G £°° the estimate (|1.15|) and the following estimate hold: 

v n ^ h n , all n G Z. (2-8) 
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Proof. We apply estimate (|2.5jl to h and to the new sequence: h m = h n if m = n and h n = 
if m 7^ n. It is clear that z(k, h) = y/JJc — u n ) 2 + h 2 n (the principal value). Then 

y(k,h) < Im( v /(fc- Un ) 2 + ^) j fc e ^(/i). 

Then asymptotics (|2.4jl of the function z(A;, h) as fc — > u n + ih n yields ([2.8)1 . In order to prove 
(fT~TF)jl we use flZ2|) since Q (h) = h 2 m /2. * 
We recall estimates from [K4]. 

Theorem 2.2. Let h G £°° . Then for any nGZ £/ie following estimate holds: 

h r 

lD n {r) 

If in addition, inf n (w n+1 — u n ) = u* > 0, i/ien 



2/i 2 < vrmaxjl, — J / / \z'(k) - l\ 2 dudv, D n (r) = (u n ,u n + r) x (-h n , h n ). (2.9) 



71 7T 2 J 1 ^ 2 

^ \\h\\ 2 <: ^-maxjl, I D , (2.10) 

H<||J||<V^||i||(l + ^||/||). (2.11) 



Introduce the domain 5V = {z G C : | Kez\ < r},r > 0. In order to prove Theorem EI 
we need the following result about the simple mapping. 

Lemma 2.3. The function f(k) = Vk 2 + h 2 , k G C \ [—ih,ih],h > is the conformal 
mapping from C \ [—ih, ih] onto C \ [—h, h] and S r \ [—h, h] C f(S r \ [—ih, ih]) for any r > 0. 

Proof. Consider the image of the half-line k = r + iv , v > 0. We have the equations 

x 2 + y 2 = £ = r 2 + h 2 - v 2 , xy = rv. (2.12) 

The second identity in ([2.12)1 yields x > since y > . Then x 4 — £x 2 — r 2 v 2 = 0, and 
enough to check the following inequality x 2 = |(£ + a/£ 2 + 4r 2 t> 2 ) > r 2 . The last estimate 
follows from the simple relations 

( r 2 + /, 2 _ „ 2 ) 2 + 4r V > ( r 2 + W 2 _ /, 2 ) 2 ; 4r V > 4r 2 (,; 2 _ /, 2 ). | 

We prove the local estimates for the small slits. Recall S r = {z G C : | Kez\ < r}, r > 0. 

Theorem 2.4. Let h G Assume that {u n — r,u n + r) C (u n -i,u n +i) and /i n ^ | ; /or 
some fiGZ and r > 0. T/ien 



— l/x^ j I < \n n \y/I n , I n = - \z'(k) - 1| dudv, (2.13) 

r JJu n +Sr 

0^h n -v n ^2^^h n ^, (2.14) 
r 

^ ^ - ^< — (2-15) 
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Proof. Define the functions f(k) = ^Jk 2 + h%, k E S r \ [—ih n ,ih n ], g = f' 1 and F{w) = 
z{u n + g(w),h),w = p + iq, where the variable w E G 1 — f((S r \ [—ih n ,ih n ])). The function 
F is real for real w, then F is analytic in the domain G = G\ U [—h n , h n ] and Lemma 12.31 
yields S r C G. Let now \wi\ = | and B r = {z : \z\ < r}. Then the following estimates hold 

^L\F'(wi) -1| < {J J \F\w) - l\ 2 dpdq) 1/2 < (2.16) 

<(/7 \(F(w)-g(w))'\ 2 dpd q y /2 + ([[ \g>(w)-l\ 2 dpd q y /2 . 
The invariance of the Dirichlet integral with respect to the conformal mapping gives 

\{F{w)-g{w))'\ 2 dpdq= 1 1 \z \k) - 1\ 2 'dudv ^ / f \z'(k) - l\ 2 dudv = irl n . 

B r J J g(B r ) J J Sr+U n 

(2.17) 

Moreover, the identity 2Q = I D implies 

Iff Iff 2 

1 I _//. A 1 |2 7 7 ^ 1 / / I _// \ I |2 7 7 ^ 



7T 
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Iff 2 f^" 

l| 2 dpdg ^ - / / l^'M - l\ 2 dpdq = - / Jh? n - x 2 dx = h 2 n . (2.18) 

K JJC K J-hn 



Then (|2~T?)|) - (j2~TH|l for \ Wl \ = § yields |F'(u>i) - 1| < ~ (V4 + and (EH) gives 

tt 2 /1 /Y — • ^ - ff2 



Then for = r/2 we have 



- 1| < -(1 + ^)^T n = ^-v 7 ^, (2-19) 
r 2 r 

and the maximum principle yields the needed estimates for |u>i| ^ r/2. 
We prove (|2.13j) for The definition of /i^ (see (|1.7|l ) implies 

F'(h n ) = lim z'(w„ + g{x)) ■ g'(x) = lim • = — ^. 

The substitution of the last identity into 1)2.19)1 gives (J2.13)) . The proof for fi~ is similar. 
We show fl2~T31) . The definition of v n (see (Q) yields 

(z(k) - z n ) 2 = 2iv n {k - u n - ih n )(l + o(l)) as k—>u n + ih n , 

g(w) - ih n = ~^-( w ~ ^n) 2 (l + o(l)) asw-^ w n . 
Then we have -F'(O) = and the substitution of the last identity into ()2.19|) shows 



UK — \ 



< **rVln, whi ch gives (J2714J), since by (Q, z/ n sC h n . Estimate (j2T9|) yiels 
^ 2h n - l n = (1 - F'{x))dx ^ —^(2 + tt) v^, 
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which implies (12.15(1 . ■ 

We prove the estimates in terms of the norm of the space £ p ,p ^ 1. 

Proof of Theorem II. 4L Estimate ()2.2j) and the Holder inequality yield ((1.16(1 . Usinj 
(11.15(1 . tiQo ^ h n l n (see ()2.2|) ) and the Holder inequality we obtain 



(n/2)I D < WhW'Jj^lnh^^ (/d) (1 ^ )/2 ||/|| p ||^||!, 



(7r/2)/ D 2 < ||/|| P |H| P 9 , and Id<[-) \\l\\$ 



2 \ - - 

P ■ 



Estimate (jl.lfi)) at q = 1 implies the first one in ((1.18(1 . The last result and p. 15(1 yield the 
first inequality in ((1.19J1 and then the second one in (jl,18() . The second estimate in ((1. 19(1 
follows from l n ^ 2h n , neZ (see ((2.1(1 ). We have proved ((1.15(1 in Lemma 12. II ■ 

3 Proof of the mains theorems 

Proof of Theorem 11.11 Let 1 ^ p ^ 2 and r = Estimate ((2.9(1 implies 

^<^max{l,^}/„, I n = - [[ \z'(k)-l\ 2 dudv, D n = {k : | Re(k-u n )\ < ^}. (3.1) 

Zi IT IT 

Hence 
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h n ^—I n , if h n >-^, and h n ^—^/I n , if h n ^-^. (3.2) 
u* 4 it* 4 

Moreover, ((2.15(1 yields 

h n < + 2hJ^^-^JT n} if h n <^, (3.3) 
2 u* 4 

and then 

/i n < 27r J n , z'/ /i n < l n ^ /i n , (3.4) 

w* 4 

since /i n ^ f \/in- Hence 

2 + 7T 2 + 7T 

V ^ ^n; iften /i n ^ 2tt I n = Cil n , C\ = 2tt . 

The last inequality and ((1.15(1 yield 

11% < ( E ^) VP + ( E h nhV) 1/p < \\1\\p + C(lf- (3-5) 



i p+i 

If we assume that C{I^ P ^ then we obtain \\h\\ p ^ 2| 
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1 p+1 



Conversely, let \\l\\ p ^ C{Ig . Then (J23J), (HTH) implies 



\\h\\ p ^2C[\{2/7T) 2 ^h\\^\\l\\ 2 J p 
Recall that the constant a p = (2 p+2 (2 + tt)/u*) p /it. Hence 



p+i 

2p 



\h\\l /p2 <2Cf [(2/7r)||Z 



p+i 
p 2 



and ||% < 2 P Cf(2/7r) p+1 ||/||J +p 
which yields (|1.2|) . Let p ^ 2. Using inequality (??), ()1.15j) we obtain 

11% < ($>+^n) 1/p < c^iij 2 , 6 = Kh+), h + = \\h\U 

Consider the case 6^1. Then f!3.6|) . ()1.16|) imply 

||% < C p 2 / D < C 2 (2/7r)||%||Z|| g , and ||% < (2C 2 p /ir) \\l\\ 
Consider the case b > 1. Then the substitution of ()1.15j) . (jl.lfij) into (|3.fij) yield 

||% ^ a/fu^l* < n; 1 / p C p [(2/7r)||/i|| p ||/|| g ]^, 

and 

< ^ 1 /P[( 2 / 7r )||i|| 9 ]^ ; and ||% ^ (C pM ; 1 / p )^(2/7r)^||/|| 9 ]^ 



(3.6) 



19' 



p+i 



and combining these two cases we have (|1.3|) . Inequality l n ^ 2J n (see ()2.3jl ) yields the first 
estimate in (jl.4J) . Relation ()2.3|) implies 

= E l J «l P < E( 2 /^) P/2 ^ /2 ^ /2 < (2M P/2 \\h\\f \\l\\f , 
and using ()1.2|) we obtain the second estimate in (|1.4|) : 

^ v^iifpii/mi + « P ii/ii^] i/2 = 4=11 'iw 1 + mc) 1/2 - 



Inequality J 2 ^ ^h^/n (see (12. 3j) ) yields the first estimate in (jl.5j) . Using (jl.2j) and ||Z|| P ^ 
2|| J|| p (see dEH)) we deduce that 

||% < 2||/|| p (l + a p \\l\\ P P ) < 4|| J|| p (l + q„2"|| J|g). ■ 

Consider now the examples, which proves Proposition 11.31 i.e., the exactness of some esti- 
mates. 

Example 1. Define the sequence h n = N,\n\ ^ N, and h n — 0, if \n\ > N and assume 
that u n = n, n G Z. Let B r = {z : \z\ < r},r > 0. Introduce the function g{k) = 
k + 4-, |fc| > i2 = iV"v^8, which is the conformal mapping from C\Br onto C\[— 2R, 2R\. 
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Note that U\ n \^[ — ih n + u n ,u n + ih n ] C B R . Then Theorem 12 . 21 yields ||/i||oo = = 1, 

= 2N 3 , \\h\\i = 2N 2 and using (TTToT) . (121)1) we obtain 

iV 2 = ll/il^ ^2Q = I D < 16iV 2 . 



Hence inequality ()2.1U|) is precise. Moreover, estimate ()2.2|) yields ^ ^ ZE jj^ i and ||/||i ^ 
^ l67riV. Then we deduce that (jl.2|) at p = 1, is precise. ■ 
In order to consider estimates (jl. fi|) we need the following simple result. 

Lemma 3.1. Let h G l°°, U\ — u Q = uq — U-\ = 1. T/jen 

Z < ((M 2 -h 2 + l) 2 + 4h 2 ) 1/4 , M = min{/i_ 1 ,/2 1 }. (3.7) 

Proof. Define the sequences 

. 0, if \m\ > 2, r ~ 
h m = I M, if |m| = 1, r/ m = ^ if m * °> 

if m = 0. l0 ' if m = a 

Inequality (|2.7|) implies Z ^ then enough to show estimate (|3.7|) only for the sequence 
h = h. We have 

/i) = ^ (z(k,rj)) 2 + \z(ih ,v)\ 2 - 
Hence the maximum principle yields 

l ^lmz(iho,7i) ^ | v / M 2 + (l + ^o) 2 | ^ ((M 2 -/i 2 + l) 2 + 4/i 2 ) 1/4 . ■ 

Example 2. Introduce now the sequences 



u n = n, n6Z, /i r 



iV-|n|, if ^ \n\ < iV, 
0, if Inl > iV. 



m 



We estimate ||/||2- Using Lemma f3. II we obtain for \m\ ^ N — 2, £ = N 

C < ((£ - I) 2 - + I) 2 + 4£ 2 = 4(£ - l) 2 + 4£ 2 < 8iV 2 . 

Moreover, the simple estimate l n ^ 2/i n implies In-i ^ 1> Zi_jv =Ss 1. Consider now A = 
^.| <7V / n . By the Theorem Ivanov-Pomerenke, j is equal the capacity of the compact set 
E = U\ n \<^N[u n — ih n , u n + ih n }. The capacity of the set E is less than the diameter which is 
equal to 2N . Then A ^ 8iV and we have 

|| Z || s = < V8^NJ2 1 ™ < 8 ^ Nm = BN ' i/2 - 

Assume that the estimate \\h\\ ^ C||Z||(1 + ||/|| p ) holds for some constants C,p > 0. Then 
for our Example 2 for large N we obtain \\h\\ ^ 2CB p ^ 2 N 3p ^. On the other hand we have 
^ CiiV 3/2 for some constant C\ > 0. Then N^ l ~ p ^ < g 5 p / 2 . It is possible only for 
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p ^ 2. Hence estimate \\h\\ ^ C||/||(l + is true only for some p ^ 2 (recall that p = 3 
in (HU)). ■ 

We have considered the estimates for the weight u n ^ 1. Now we obtain the counterex- 
ample, which shows impossibility of double-sided estimates in the space with uj n ^ 1. 
Counterexample 3. Consider now the uniform comb with u n = irn, H = h n = ||/i||oo, 
nGZ. It is clear (see [LS]), that in this case I = l n = 2arcsinthif, nGZ. Then I — > 7r as 
i/ — >■ oo and in this case for any sequence = (co> n ) ne z, w n >0, neZ; cj n < +oo and 

nGZ 

any 1 ^ p < +oo the sequence h belongs to and 

Nik = E^ w » = # P E^ and ii'iiw- = P E^- 

nGZ nGZ nGZ 

Hence the estimate ||/i|L w ^ -^(IRHpjw) is impossible for some function F. Moreover, by the 
same reason, the following estimate \\h\\oo ^ -F(IKHoo) is impossible too. ■ 
Proof of Theorem II. 5L Recall that for h G £°°,h n — > as n — > oo, we define the new 
sequence h = h{h) by: 

we take n\ G Z such that h ni = h ni = max ne ^ h n > 0; assume that the numbers nx, n 2 , . . . , n k 
have been defined, then we take n k+ i such that 

h nk+1 = K k+1 = rnax/i n > 0, B = {n G Z : \u n - u ni \ > h ni , 1 < I < k}. 

Moreover, we let h n = 0, if the number n {n k ,k G Z}. The Lindelof principal yields 
Qo(h) ^ Qo{h). On the other hand open squares = (n nfc — t k ,u nk + t k ) x (—t k ,t k ),t k = 
h nk = h nk , k G Z, does not overlap. Then applying (|2.9J) to the function (z(k, h) — k) and 
Pk, we obtain 

2t 2 k ^iT j J \z'{k,h)-l\ 2 dudv, (3.8) 

and 

g (/i) = ^)>^E^ = Aw 

2 7T Z z — ' 7T Z 

which yields the first estimate in (jl.20|) . 

Let Q k = {n G Z : u n G [w nfc — t k ,u nk + t k }}. By the Lindelof principal, the gap length 
l nk such that [w n , n n + ih n ],n G fifc increases if we take off all another slits. By the Theorem 
of Ivanov-Pomerenke (see Section 1), the sum of new gap lengths equals to 4 x capacity of 
the set E = \J ne a k [u n — h n , u n + h n ], which is less than the diameter of the set E. Then 
J2n£n k ln(h) ^ 2\^2t k , and using the last estimate we obtain 

ttQoO) < E hJn ^ E E Kln < E tfe E z " ^ 2 ^E** = 2 ^\Ml (3-9) 

nGZ fcjjl nGr2ft fc^l nGf!fc fcjjl 

since /i n ^t kl n G and the diameter of the set is less than or equals 2\/2t k . ■ 

Note that the proved Theorem shows that estimates (|l.fij) . (|2.11|) are fulfilled for the 
weaker conditions on the sequence u n ,n G Z. 
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Recall the following identity for v(z) = lmk(z), z = x + iy from [KK1]: 

v(x)=v n (x)(l + V n (x)), V n (x) = -[ V ^ dt m , v n (x) = \(x-z+)(x-z-)\ 1 i, (3.10) 

nj \t-x\v n (t) 



for all x G 7„ = (z n , z+). In order to prove Theorem II. 21 we need the following results. 

I^lloc 

Lemma 3.2. Let h G £°° and > and £ = e u * . Then the following estimates hold: 

s = s(h) = inf |cr n (/i)| ^ ^ maxje 2 , (3-H) 



1 + < f 9 , (3.12) 

STC 

vaaxVJx) ^ 2 ^'"" ° , n G Z, (3.13) 
2/i n </ n (l + maxK(a;)) </„(l + ^Jk) ^/ n £9, n G Z. (3.14) 
Proof. Introduce the domain 

G = {z G C : h+ ^ Im z > 0, Re z G ( , y)} U {Im z > h+}, h + = Wh]]^. 

Let g be the conformal mapping from G onto C+, such that g(iy) ~ as y /* +oo and let 
a, /3 be images of the points ^ + ih + respectively. Define the function / = Img. Fix any 
jiGZ. Then the maximum principle yields 

y(k) =hnz(k, h) ^ f(k-p n ), keG + p n , p n = -(u n -i + u n ). 

Due to the fact that these positive functions equal zero on the interval (p n — ^,p n + ^f), we 
obtain 

dy dx df u u 

d- v {x) = d^ {x) >Tv {x ~ Pnl xe{Pn ~ i> Pn + f } - 

Then 

u*/2 



z(u n ) - z{u n -i) ^ / — (x) dx = 2a > 0, 



-M./2 

and the estimate s ^ (see [KK1]) implies 2a ^ s ^ u*. Let iy : C + — > G be the inverse 
function for g, which is defined uniquely and the Christoffel-Schwartz formula yields 



z t 2 - 3 2 
w(z)= I \l _ dt, 0<a<(3. 
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Then we have 



fc *=fv& (315) 



The first integral in (j3.15j) has the simple double-sided estimates 

a = at < — < 



o 



2 J V« 2 - t 2 2 ' 



that is 

2a ^ s < «C 7T/3. (3.16) 

Consider the second integral in ()3.15|) . Let e = [3 /a ^ 5 and using the new variable 
t = a cosh r, cosh 5 = e, we obtain 



5 ^ — , . f 5/2 L cosh 2 r 



a / ye 2 — cosh r<ir ^ ae j \j 1 — rfr ^ /^qj 



'o ./o 
since for r ^ 5/2 we have the simple inequality 



coshV ^ e _ 5 e „ 5 + 



cosh 2 5 

Due to e ^ e 5 we get e ^ exp(5/i + /2/3) and estimate (J3.16)) implies 



I^exp^^ if OS. (3.17) 
If £ ^ 5, then using 1)3.16)1 again we obtain 

1 £ TIE 7T 

- ^ — ; < < 5, if e^5. 

s 2p 2u* 2u t . 

and the last estimate together with ()3.17j) yield ()3. 1 1)1 . ()3. 12)1 . 
Identity (j3.1()j) for x G 7„ = (z~, z+) implies 

, , - s v(t)dt f°° v(t)dt f z "- s h+dt f°° h + dt 2h+ 

TXVJX) = / 7- ; — + / 7- ; 7T7- ^ / 7" ITT ~\~ / 7" TTTT ^ • 



t x\v n (t) J zt+s 1^ x \ v n(t) J -oo \t z n P J zt+s 1^ Z n P 

Using ()3.10)) . (j3.12j) and simple inequality v n (z n ) ^ l n /2 we have ()3.14)) . ■ 
We prove the two-sided estimates of h n ,l n , /i^, J n in the weight spaces. 

Proof of Theorem 11.21 The first estimate in (J1.8)) follows from h n ^ 27r|yU^| (see [KK1]). 

The second one in (J1.8)) follows from ||/i||oo ^ v^z? = \\J\\ ^ II^Hp ^ H^IU^ since io n ^ 1 for 

any n G Z. Moreover, substituting (j!.17j) into ||^||oo ^ V^d, using (jl.2j) and ||/|| p ^ ll/llp,^ 

for any /, we obtain the last estimate in (jl.8j) . 

Introduce the function £ = exp JMs£._ The first estimate in p. 9)) follows from (j2.1j) . Due 

to ()3.14)) we get 2/i n ^ £ 9 / n , which yields the second estimate in p. 9)1 . 
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The first estimate in flDZ|) follows from (Q. Using (Q, (ETH1) we have ^ 2l n h n /n 
(^ 9 /7r)/^, which gives the second estimate in (jl.lUj) . 

The first estimate in (ITTT| follows from (Q, (|2~Tjl . Using (Q, (jSHH) we obtain 

^ £ 9 ^n/2 ^ (tt^ 9 /2)J^, which yields the second inequality in (jl.llj) . 

Identity 2/z^ = ±/ n [l + V n (z^)] 2 (see [KK1]) implies 2|/i^| ^ /„, which yields the first 
inequality in (|1.12|) . Moreover, using ()3.14|) we obtain the estimate 2|//„| ^ £ 18 ^n> which 
gives the second one in (J1.12)) . ■ 
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